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Abstract
In the recent paper (R. Willox and M. Hattori, arXiv:1406.5828),
an integrable discretization of the nonlinear Schro¨dinger (NLS) equa-
tion is studied, which, they think, was discovered by Date, Jimbo and
Miwa in 1983 and has been completely forgotten over the years. In
fact, this discrete NLS hierarchy can be directly obtained from an
elementary auto-Ba¨cklund transformation for the continuous NLS hi-
erarchy and has been known since 1982. Nevertheless, it has been
rediscovered again and again in the literature without attribution, so
we consider it meaningful to mention overlooked original references on
this discrete NLS hierarchy.
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The pioneering works of Calogero and Degasperis [1,2], Chiu and Ladik [3],
Hirota [4] and Orfanidis [5, 6] in the late 1970s revealed that a certain class
of auto-Ba¨cklund transformations and the associated nonlinear superposition
principle (Bianchi’s permutability theorem) can directly provide integrable
discretizations of the original continuous equations. Some relevant results
can be found in [7–9].
In 1982, Konopelchenko [10] (also see Chudnovsky–Chudnovsky [11, 12])
presented an elementary auto-Ba¨cklund transformation and the associated
nonlinear superposition principle for the nonlinear Schro¨dinger (NLS) hier-
archy; the latter reads

qm+1,n+1 = qm,n −
(µn − νm)qm+1,n
1 + qm+1,nrm,n+1
,
rm+1,n+1 = rm,n +
(µn − νm)rm,n+1
1 + qm+1,nrm,n+1
,
(1)
where µn and νm are arbitrary Ba¨cklund parameters that can depend on
one of the two discrete independent variables m and n. It was rediscov-
ered by Date, Jimbo and Miwa [13] in 1983 as an integrable discrete NLS
system. Note that unlike the Ablowitz–Ladik discretizations [3, 14, 15], this
discretization does not admit the complex conjugation reduction between
qm,n and rm,n, so it is not a proper discretization of the NLS equation.
By construction, the fully discrete NLS system (1) possesses an infinite
set of higher symmetries in each lattice direction. For example, the first non-
trivial symmetry in the n-direction is given by the elementary auto-Ba¨cklund
transformation [10, 11]:


∂qn
∂x
= −qn+1 − µnqn + q
2
nrn+1,
∂rn+1
∂x
= rn + µnrn+1 − qnr
2
n+1,
(2)
for any fixed value ofm. Other polynomial symmetries in the n-direction [11]
are obtained from the continuous NLS flows by eliminating the x-derivatives
using (2). Note that, with a minor reformulation, (2) can generate an infinite
set of continuous NLS flows [16–18], so all the information on an infinite
number of polynomial higher symmetries in the n-direction is encoded in one
symmetry (2). By changing the notation as rn+1 → pn, x→ −t1, we obtain
a more familiar form of the differential-difference system [11, 12]:

∂qn
∂t1
= qn+1 + µnqn − q
2
npn,
∂pn
∂t1
= −pn−1 − µnpn + qnp
2
n.
(3)
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This lattice system (mostly in the simple case of µn = 0 or −1) has been
rediscovered repeatedly in the literature; some earlier references are [19–21]
and the inverse scattering method was developed in [22].
Even without such preknowledge about its origin, the fully discrete system
(1) allows us to generate an infinite set of higher symmetries using the notion
of Miwa shifts. To this aim, we consider a rescaling qm+1,n → −
1
νm
qm+1,n,
rm+1,n → −νmrm+1,n for all n and rewrite (1) as


qm+1,n+1 = −νmqm,n −
(µn − νm)qm+1,n
1− 1
νm
qm+1,nrm,n+1
,
−νmrm+1,n+1 = rm,n +
(µn − νm)rm,n+1
1− 1
νm
qm+1,nrm,n+1
.
(4)
Then, by setting νm = −
1
hm
where hm is a step-size parameter in the m-
direction and taking the limit hm → 0, we obtain higher symmetries starting
from (2).
Besides such polynomial higher symmetries, the fully discrete NLS system
(1) also possesses rational higher symmetries. By setting µn = µ, νm = µ+ δm
where δm is a step-size parameter in the (m+ n)-direction and taking the
limit δm → 0 in such a way that qm+1,n+1 − qm,n → 0, we obtain higher sym-
metries in the n-direction starting from


∂qn
∂t
−1
=
qn−1
1 + qn−1rn+1
,
∂rn
∂t
−1
= −
rn+1
1 + qn−1rn+1
.
(5)
By changing the notation as rn+1 → pn and superimposing (3) in the case of
a constant µn, we obtain a (not proper) integrable space discretization of the
NLS system:


∂qn
∂t
= a(qn+1 − q
2
npn) + bqn + c
qn−1
1 + qn−1pn
,
∂pn
∂t
= −a(pn−1 − qnp
2
n)− bpn − c
pn+1
1 + qnpn+1
.
(6)
This lattice system was introduced by Gerdjikov and Ivanov [23] in 1982 and
rediscovered by Merola, Ragnisco and Tu [24]; it is related to the Ablowitz–
Ladik lattice [14] through a nonlocal transformation of dependent variables
involving an infinite product [23]. This transformation can be rewritten in a
local form if one uses a τ -function formalism (cf. [25]). Note incidentally that
in arXiv:1204.2928, Gerdjikov proposed a new type of integrable three-wave
3
equations with a Lax pair, but these results were previously reported in §3.3
of arXiv:1012.2458.
All the above discussion (except the τ -function formalism) can be gen-
eralized straightforwardly to the case of matrix-valued dependent variables,
but we focused on the scalar case to enhance readability.
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